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Abstract 

In 1940 Paul Erdos made a conjecture about the distribution of 
reduced residues. Here we study the distribution of fc-tuple of reduced 
residues. As an apphcation we prove estimates about distribution of 
the squares and the distribution of a general set modulo square-free 
number q. 



Introduction 

In 1936 Cramer [Ij, assuming the Riemann hypothesis (RH), showed that 

E (Pn+l - Pn? « X{\0g xf+' (0.1) 

from which he deduced = 0{^^/p^\ogpn)- Based on his probabilistic 
model for the primes he also conjectured that 

Pn+l-Pn -, 

limsup— 775- = 1. 

n^oo (logpn)^ 

Taking into account various sieve estimates in Cramer's probabilistic model, 
Granville [2] in 1995 conjectured that 

lim sup — ^ > 2e~'^ , 

which is bigger than 1. Note that 7 is the Euler constant. Proving (jU.lj) 
unconditionally seems quite deep, which led P. Erdos to make an analogous 
conjecture: 
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Conjecture (Erdos [3]). Let q be a natural number, and let P = (j){q)/q be 
the probability that a randomly chosen integer is relatively prime to q. Let 

1 = ai < 02 < • • • 

be the integers co-prime to q in increasing order, and let 

Hi) 

i=l 

then 

V2{q) <^ (l){q)P-^ = qP-\ 

More generally 

Vx{q) « 

For A < 2 this was derived by Hooley [3]. Hausman and Shapiro [2] gave 
weaker upper bounds for V2- Finally Montgomery and Vaughan [B] in 1986 
proved the conjecture for all A. 

In this paper we investigate the distribution of of s-tuples of reduced residues 
which in some sense are similar to s-tuples of primes and we prove the anal- 
ogy of Erdos's conjecture for s-tuple reduced residues. 

Let D = {hi, /i2, • • • , hs} and VpiT)) be the number of distinct elements in 
T> mod p. T> is called admissible if t'p(I') < p for all primes p. We call 
a + hi, . . . ,a + hs an s-tuple of reduced residues if they are each coprime 
with q. 

Theorem 0.1. Let q be a square-free number and T> = {hi, h2, - ■ ■ , hg} be 

a fixed admissible set of integers. Let oi < 02 < • • • be those integers for 
which ai + hi, . . . ,ai + hg is an s-tuple of reduced residues. Then 

i=l 

where 4>j,{q) ■= Ylp\q{p — i^piT^)) , o,nd the implied constant depends on D and 
A. 

The theorem follows immediately for q non-square-free as well, by consider- 
ing the result for Q = Y\p\qP. Motivated by Theorem lU.il the analogy of this 
result for primes is: 
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Conjecture. Let pi, - ■ ■ be the set of primes for which pi + hj are prime for 
all hj £ T> . We have 

J2 {Pn+l-Pnf <.V x(logx)^(^-^)+^ 



As an application of distribution of s-tuples of reduced residues, in the last 
section we will improve the exponential sum estimate and consequently we 
prove results about distribution of squares modulo square-free number q and 
in general case of the Chinese Reminder Theorem. A few authors had worked 
on distribution of spacing between squares modulo q. For q prime, a theo- 
rem of Davenport (see P^I]) shows that the probability of two consecutive 
quadratic residues modulo q being spaced h units apart is 2~'*, as q goes to 
infinity. For q be square-free Kurlberg and Rudnick proved that distri- 
bution of spacing between squares goes to Poisson distribution as a;(g) — >■ oo. 

A^\. ^-f ^'L^ • ^ square modulo q] 
Roughly speakmg they proved that if s„ = , and 

q 

I is an interval in M not having zero, then 

#{(■51, S2) : Si — S2 G Sql : si, S2 are squares modulo q} 



#{s : s is a square modulo q} 



\I\. 



Where for q square-free, s is a square modulo q if and only if s is a square 
modulo p for all primes p dividing q. Here we give a sharp estimate about 
distribution of squares modulo q. 



Theorem 0.2. Let q be a square-free number and P = 4>{q)/q- Then 
q—i , h , V 2 

y( y 1-^^) <—^h (0.2) 

n=0 ^ m=l ' 

n+m is □ mod q 

Remark 0.1. In the case that q is prime, if the higher moments of (|0.2|) per- 
sist, it would imply Vinogradov's conjecture about the smallest quadratic 
non residue. However, it looks like the moments will not persist. 



More general question would be about the distribution of the set which 
just occupies congruent classes in a particular set (say ilj,) modulo each 
prime p dividing q. Granville and Kulrberg [S] proved that if Op is well 
distributed modulo p then then the spacings between elements in the sets 
Qq become Poisson distributed as q/^^q — ?■ 00. In the last section (Theorem 
14. 1|) we show that if for a ^ mod p we have that 



e(^) < c;VP (0.3) 



3 



for all p\q, then Vlq is well distributed modulo q. We show that this condition 
is necessary: 

Let V* = {hi, /i2; • ■ ■ J hs} be an admissible set such that 

VI := {h mod p : /i € P} = {0, 2, 4, • • • ,p - 1}, 

for all p\q. The probability that a random number modulo p does not belong 
p — 1 

to T)p is — ^ — = 1/2, and the probability that a random number modulo p 
does not belong to V* for all p\q is 



n 



, 2p 2'^(i) ■ 

Now consider the interval (n,n + h]. It is expected that the number of 
elements in this interval, which do not belong to any congruent classes in 
V*, for p\q is 

11 2p 2'^(9) 
Therefore, if these numbers are well distributed we expect to have 

V- hP f hP \ , , 

m£(Ti,n+h] 
m^'D* mod p 
for all pig 

in average over n. Here as a corollary we show that that without the condi- 
tion (|0.3|) we would not have uniform distribution. 



Corollary 0.1. Let q = pi, • • • ,Pi\ogx\ ; where X < pi < 2X and \p2—pi\ 
logpi. For h < have 

V-V V- . /iP V ( hP n2 

n=0 \ m&{n,n+h] / 
m^T)* mod p 
for all p\q 

Remark 0.2. The set T>* is well distributed modulo p but it does not satisfy 
the condition (|U.3|) . 



4 



Acknowledgments 



I am grateful to my advisor Andrew Granville for his support and helpful 
comments. Additionally, I would like to thank Dimitris Koukoulopoulos and 
Vorrapan Chandee for their careful analysis of my paper and their useful 
suggestions. Special appreciation for the Univcrsitc dc Montreal's staff, my 
colleagues and friends, Mohammad Bardestani, Francois Charette, Dimitri 
Dias, Daniel Fiorilli, Kevin Henriot, and Marzieh Mehdizadeh, for their 
support. Finally, I would like to dedicate this paper in loving memory of 
my father, Yahya Aryan, whom I lost last spring. 

1 An exponential sum estimate 

In this section we prove a preliminary estimate about the distribution of s- 
tuples of reduced residues, using exponential sums. The estimate we derive 
here is valid for every choice of q, but this estimate is not the best we will 
give. We will prove a better estimate, using this exponential sum estimate, 
in section 3. 

Lemma 1.1. Define kq{m) as follows: 

[0 otherwise. 



Then we have 




r\s\q 



we can deduce 

r\q ^ 0<a<r ^ ' ^ YK' J 
{a,r)=l 



5 



This completes the proof of the Lemma. □ 



Remark 1.1. Important to note that i'p{p) < s with equahty ii p > hg — hi. 
Also if P is admissible, then 

i<i_M^<i_i 

P P P 

and we have that 

n n (-^)^ n i^-^y 

p<hs—h\ p<hs—hi p<hs—hi 

Since hg and hi are fixed integers, we therefore have 

n (1-^)=. n (i-i)'. 

p<hs—hi p<hg—hi 
p\q p\q 



Moreover, if p > hs — hi then 1 ^y-^ = 1 — |, so that 



•^pCD) — i _ s 

P' ...... 

1\^ 



n (1-^)- n (1-^)-. n i^-i) 

p>hs—hi p>hs—h\ p>hs- 

p\q p\q p\q 

Putting these together we deduce that 

(l>v{q) _ f(l>{q)Y 



q V q 

Now we state the Lemma which we will prove at the end of this section: 
Lemma 1.2. Let 



iq,h) = J2 \J2 kqin + m + hi)---kg{n + m + hs)-hll(l-'^^^ 

n=0 \m=l p\q ^ P 



Then we have that 

where the implicit constant depends on k and s. 
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In order to go toward the proof we use exponential sums to better understand 
the admissible set I? = {/ii, /12, • • • ,hs}. Also we need to prove some lemmas. 
We have that 



r\q 0<a<r 
(a,r)=l 



r) 



by lemma 1.1. Thus, 



r\q 0<a<r 
(a,r)=l 



r 



r\q 0<a<r 
(a,r)=l 



r r J J (j){r) 



So we deduce that 



kq{m + hi) ■ ■ ■ kq{m + hg) (1.1) 

= p' E E -f-E-VfE^^- 

(ai,ri)=l 
l<i<s 

By summing the left-hand side of p.ip we have 

h 

+ m + /ii) • • • A;g(n + m + /i^) 

m=l 

(ai,ri)=l 
l<i<s 

(ai,ri)=l 
l<i<s 

where 

h 

Eh{x) = y^ e{mx). 

m=l 







4>{n) ■ ' 


■■4>(.rs) 






4>{n) ■ ' 


■■4>(.rs) 
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To proceed with the argument we have to consider the case J2i=i G ^ to 
extract the main term from the sum. We have that 

ri,r2,- ,rs\q ' ' 0<ai<ri \ ^ «=1 « ^ ^ t=l ^ ^ i=l * 

{ai,ri)=l 
l<i<s 

= hp' E E -fE^^-l (1-2) 

(ai,ri)=l 
l<i<s 

A^i— 1 

since Eh[r) = h for all integers r. Now, we need to use Lemma 3 of |1U] 
(due to Hardy and Littlewood). Hardy and Littlewood proved that 



(ai,ri)=l 
l<i<s 



where (3 is the singular series 



Using this we have 

h 



E kqi^ + m + hi)--- kq{n + m + hs) - hY[ (l - 

m=l p\q ^ P 



(ai,ri)=l 
l<i<s 

Z_-/l — 1 Ta ^ 
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and, consequently, 

kg{n + m + hi) ■ ■ ■ k^{n + m + hs) - hl[(l - '^^)] (1.3) 



\^m=l p\q 



P 



l<i<k {aij ,rij)=l 

l<j<s 'l<j'<s 

l<i<k 

X el n\ 



■J 



E^)) 



Summing over n mod q and using the fact that when q J2i Pi ^ 

n=0 i 



unless Pi £ ^) "we have that 
9-1 / h 

E E ^'J^™ + m + /ii) • • • ^^(n + m + /is) - /ij]^ ( 1 

n=0 \m=l p\q 



k 

p 



l<i<A: 0<aij<rij 

Let -F(a;) = mm{h, n^) where is the distance between x and the closest 
integer to x. We have that \Eh{x)\ < F{x), and consequently 

E \J2k<i{n + m + hi)---kq{n + m + hs)-hl[(l-'^^)\ 

n=0 \m=l p\q^ P / J 

where 

^(K.}m)= E ^(E^)---^(E^ 

K,,-,»-ij)=l 



Lemma 1.3. Every element of the form 



where < Ojj < r^^ 

j=l ^iJ 



can be written as 
a 



-(modi), where I < a < [ri^i,ri^2, ■ ■ ■ ri^s], 



and each fraction that has such a representation has exactly '"'■^''^'^ ^^-^ 



representations. 



By r-^^ — ^ representations we mean that the equation 



— ^ = r (mod 1) 



has exactly t—'^ — different answers, if it has any. 

Proof. Let d = (ri, and we call r'^ = ^ for i = 1,2. For fixed a, b we are 
interested in the number of solutions for the equation 

a b X y , , , 

\ = h — (mod 1) 

ri r2 ri r2 

where 1 < x < ri and 1 < y < ?"2, which leads us to the number of solutions 
of 

ar'2 + br'i = xr'2 + yr'i (mod r^r2(i). (1-5) 

We have a = x (mod r^) and b = y (mod rg). Let x = a + ir[ and 
y = b + jr'2 . Then by using (jl.5|) we have 

(o — x)r'2 = {y — b)r'i (mod r^rgfi). 

Therefore we have i + j = (mod d), which has exactly d solutions. So 
we conclude that, given o and b, there are exactly d solutions {x, y) with 
1 < X < ri and 1 < y < r2 to the equation 

o b X y , , ^, 
— + — = — + — mod Z . 
ri r2 ri r2 

Obviously + (mod 1) G | y^.^^^-^ : < t < [ri,r2]| and as we showed 
above, each element is repeated exactly d = times. This proves the 

lemma for s = 2. Using induction, we have that 
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with exactly ^''^ _ ^ repetitions each. And, by the first part of the 
proof there are exactly 



ways to write ^ + • • • + ^ as i ^ , + ^ (modi) . Now the total 

number of repetitions is 

[ri,i,ri^2,- ■ ■ri,k-i]ri,k ^•i,i?'i,2 • • • _ ?'i,i?'i,2 • • • ^-j^fc 



[ri,i,ri,2, - ■ ■ri,k] [ri,i,ri^2, ■ ■ ■ ri,k-i] [ri,i,ri^2, ■ ■ ■ ri,k] 

□ 

Now our task is to bound ()1.4|) . for which we need to use the idea of 
Montgomery and Vaughan's Fundamental Lemma [6J, slightly modified. In 
order to do that we use Lemma 2 from [TUl Page 596] . 

Lemma 1.4. Let qi, - ■ ■ ,qk be square-free integers, each one strictly greater 
than 1, and put d = [gi, gt]. Let G he a complex-valued function defined 
on (0,1), and suppose that Gq is a nondecreasing function on the positive 
integers such that 

9-1 

Y^lGia/q)^ <qGo{q), 

a=l 

for all square- free integers q > 1. Then 

k k 

ai,--- ,ak i=l ^ i-l 

0<ai<qi 

^ n 

We now need to verify that F satisfies the requirements for G in the 
Lemma 11.41 Lemma 4 of [B| asserts that 

/a\ ^ 

E ^[~) ^9min(g, /i). 

Since min(g, h) is obviously a non-decreasing function of q, we can use 
Lemma 11.41 with F and min(g, h) in place of G and Gq respectively. About 
the condition q^ > 1, note that, since we apply Lemma fTT^ for q^ = [rj^i, • • • , rj^, 
and we have J2j=i 7^ ^ ^) then qi = [r^^i, • • • ,ri^s] / 1. From Lemma [TTH] 
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we have 



L 

where 



Now using Lemma [131 with G = F and = [rj^i, • • • , rj^s], we have that 

S{{n,h,) « '-l^^—^h"/' (1.7) 
Now we are ready to prove Lemma 11.21 

Proof of Lemma We prove the result with q square-free. Then the 
Lemma fohows for q non-square-free immediately by considering the result 
for Q = Y\p\qP- Now using relations (|1.4|) and (|1.7|) . we have that 

E ( E kqi'^ + m + hi) ■ ■ ■ kgin + m + hs) -hY[(l- 

n=0 ym=l p\q ^ ^ 

«9^'^E- E , h^'^ 



r|g r'|r p|g 
« qh^l^p-^''+^'. 



□ 



2 A probabilistic estimate 

In this section we prove an estimate about the distribution of s-tuples of 
reduced residues using a probabilistic method. The estimate derived here 
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is valid only when q is not divisible by any small prime, and in this case it 
is the best possible we can have. In particular, it's much better than our 
earlier exponential sum estimate in this range. 



Let Xi, for 1 < i < /i, be independent identically distributed random vari- 
ables such that 

Prob(Xi = 1) = 1 - Prob(Xi = 0) = P. 

Then 

X = Xi + --- + Xh 

is called a binomial random variable. Given such a random variable X, we 
denote with iik[h,P) its A;-th moment about its mean, that is to say, 

■.= ¥.{{X-hPf). 

Lemma 2.1. Let A be a set of h integers and hi < ■ ■ ■ < hg. Suppose that 
for each prime divisor p of q we have p > max A — min A + hg — hi. Suppose 
also that p > y for all p\q. Then for y > h^ and for each fixed even k > 1 

(n+in+hi,q)=l 
l<i<s 

which the implicit constant depends on k and \hi — hs\. 

Remark 2.1. Under the conditions of Lemma l2.ll it provides a better esti- 
mate than Lemma 11.21 Indeed Lemma 11.21 vields the estimate 

M^{q,h) ^qh^l^p-^''+^' 

whereas by Lemma l2. II we have that 

M^{q,h)<.q(hP'] +qhP'. 



Comparing two bounds and using the fact that q {hp^y <qh^l^P-^'"+^' 
proves the point. 

Proof. The proof is similar to the proof of Lemma 9 in with a small 
variation which we explain. We have that 

E ^-hp'= E i E i-i^.i^'^) 

{m+hi,q)=l 

i<i<s l<i<s 
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where 

Aj = {m G A : m = j (mod H)} , 

where H = \hs — hi\ + 1. Prom Holder's inequahty with, i + — = 1, we 
have that 



H 



i=l 



=1 



and, consequently. 



k 

meA / i<j<H \ meAj 

{m+hi,q)=l {m+hi,q)=l 
i<i<s l<i<s 



Now we focus on 



Sj = E( E 1-1^.1^^1 ■ (2-1) 

n=0 \ meAj / 
{n+m+hi,q)=l 
l<i<s 



We note that 



(n+m+/ij,g)=l 
l<i<s 



k—r 

s 



Moreover, we have that 



r 



E 1 = E 1 

m&Aj m\,--- ,mr&Aj 

{n+m+hi,q)=l {n+mi+hi,q)=l 
l<i<s l<i<s 
l<l<r 

We will show that mi + hi / mi' + /ij' for mi / m;/. Without loss of 
generality, we assume that mi < mi' and therefore mi + hi < mi' + hi' . This 
is true since mi — mi' = (mod H) and thus \mi — mir\ > H > \hi — hi'\. 
Now we claim that mi + hi ^ mi' + hi' ( mod p) for all p\q. Assume, on the 
contrary, that 

mi + hi = mi' + hi' (mod p) 

for some p\q. Then we have that p\mi + hi — {mi' + hi'). We already have 
shown mi + hi — {mi' + hi') ^ 0, therefore 

P<\mi- m' \ + \hi - hi'\, 
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which contradicts our assumption that p > max A — min A + hs — hi. 
Applying these facts and changing the order of summation in Sj, we have 
that 

E i=n(p-^*)' (2-2) 

n=Q p\q 
{n+mj+hi,q)=l 
l<i<s 
i<j<r 

where t = #{mi,--- ,mr}. Let S{r,t) denote the StirUng number of the 
second kind, i.e. the number of ways of partitioning a set of cardinaUty r 
into exactly t non-empty subsets. Following the proof of Lemma 9 in [B], 
S{r, t)t\ is the number of surjective maps from a set of cardinality r to a set 
of cardinality t. We set S{r,0) = so that we have 

E E i = E E s{r,t)tiY[{p-st) 

n=0 mi,---,mr£Aj t=0 BCAj p\q 

{n+mk+hi,q)=l card(B)=t 
l<i<s 
l<k<r 

As there are (''^■'') possible choices for B, the above is 



st ^ 



and, since p > y > hg — hi we have that 

From Lemma 9 in [6^-, page. 326] we have that 

^ /\A-\\ / 1 



5. = 9 E J (-1^.1^'^)'-^ E '7 ' Sir, t)tl{Pr{l + Os,{ 



and 

k 



y 



r=0 \ / t=0 

using [Ul page. 327]. Thus 

k / r \ / \ k—r r 
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using the fact that \Aj\ < h. For the error term the dependence of the 
implicit constant on t can be considered to be a dependence on k, since 
t < s < k we also use 

Next note that Lemma 11 of [B] states that, for any fixed integer k > 0, 
Hk{h, P) <. _^ f^p^ uniformly for < P < 1, /i = 1, 2, 3, .... So 

Using this and and our assumption that y > /i^, we find that 



5-1 



^ J2 l-hP'] <.q(hP') +qhP\ (2.3) 



n=0 \ meA 

(n+m+/ii ,g)=l 
l<i<s 



[k/2] 



which concludes the proof of the Lemma. □ 



3 Proof of Theorem 0.1 

In this section we will prove a estimate about the distribution of s-tuples of 
reduced residues, by combining both our probabilistic and exponential sum 
estimates. The new estimate that we derive here is valid for every q and it 
is better than our exponential sum estimate. Using the this estimate, we 
will be able to prove Theorem IU.1[ 



Lemma 3.1. Let k he a given even number, and fix constant A > k. Let 

qi =I\p\q P o-'iT'd q2 = Ilp\q P> whcrc h'^ > y > . Correspondingly we set 

P<y p>y 
p. ^ 0M fgj. i = 1, 2. For h > we have 

M^{q, h) < q{hP'i^l'^^ + qh{Py + qh''/^ P^^'''+'"' Pf . 
And the implicit constant depends on k and s. 

Proof. Since q is square-free we have q = qiq2 and ((71,^2) = 1- By the 
Chinese Remainder Theorem we have that 

M^{q,h)= ^ D{n,,n2)\ 

n i=0 n2=0 
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where 



m=l p\q P y 



m=l 
(rii+m+hj ,qi)=l 

1=1,2 



Following [B] , we may write D = Di + D2 where 

(rii+m+hj ,qi)=l 
l<j<s 

E i-n(i-^) E 1 

m=l p\q2 f ' m=l 

(ni+m+fcj,(ji)=l (ni+m+/ij,i}i)=l 

1<J<« l<j<s 
j=l,2 

From Holder's inequality we have < 2^(0^ + -Df)' ^'^'^ consequently 



ni n2 ni n2 

Since Di is independent of n2, we have that 

J2J2D'l«q2PtM^{q,,h), (3.1) 

ni n2 

which by Lemma 11.21 leads to 



2 

711 "2 



To estimate J^m J2n2 ^2 l^t 



= {I < m < h : (ni + m + /ij, gi) = 1, 1 < j < s} . 
Note that the size of is 

h 

E i> 

m=l 
(ni+m+?ij,gi)=l 

l<j<s 

which, by a simple sieve argument, is <C /iPf . Therefore 

e^2^=e( e i-n(i-^)K/' 

"2 n2 ^ meAn-^ p\g2 ^ P / 

(7i2+m+hj,(j2)=l 
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Now, since y > and p\q2-, we have that p > and consequently 



p\q2 pm pm 

Next we need to use Lemma |2 . 1 1 with A = An-^ and q = q2- In order to do 
this we need to verify that p > max — min An^^ + hs — hi for all p\q2- We 
have that max^„^ — min < h and, since for p\q2 we have p > y > h'^ , 
it suffices to verify that h + H < h^. This is true because H is fixed, k > 2 
and h > P~^. (Note that we may assume > H else, otherwise, is 
bounded and we can deduce the result desired here from Lemma fl. 21 ) Using 
Lemma |2.H we have that 



n2 



2^ , «\ i^/'A 



92 / / \ q2 



Since l^ml *S hP(, we have that 

Y,Dl^q2[hP'\ +q2hP\ 

consequently we have that (with P = 

Y,Y.^2 <■ QihP'i^l'^^ + qhP' . 

ni 712 

Finally, we arrive at our desired estimate 

(g, h) < q{hP')^^/^^ + qh{Py + g/i^/2p-2*=+fesp|fc_ (3 2) 

□ 

Now, Using above estimate we will prove Theorem lU.il Let ai < a2 < ■ ■ ■ 
be the integers, such that Oj + hj is co-prime to q for each hj £ T>. Let 

L(x) = #{i : 1 < i < (j)^iq),ai+i - ai > x} . 

We have that 

poo 

V^{q) = X / L{x)x^-^dx. 
Jo 

Obviously, L{x) < Y\p^g{p — VpiV)) < CqP^ for some constant C = C{V). 

Therefore for x < p-^ (with P^ = Y\p\q (l - ^^))> since P^ x P^ we 
have that 



> / ^ L{x)x^-^ <.qP' [ ^ x^-^ < q{P') 
Jo Jo 
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To bound L{x) for larger x, we note that if Oj+i — Ui > h, for some integer 
h. Then 

h 

J2 ^-hP,= -hP^ 

m=l 
{n+m+hj ,q)=l 

for tti < n < Cj+i — h. Let k he a fixed even integer bigger than 2A. Then 
^ (a,+i - a, - /i)(/iP^)'= < Mf (g, /i). (3.3) 

ai+i-ai>fc 

If /i = [|] and aj+i — > x, then Oj+i — ai — h > h, so the left-hand side 
of (|4.ip is > h{hP^)^L{x). Combining this with our estimate in Lemma [3. II 
yields 

Now for X < if y = + 1 where, a = ^kJ+i : then we have 

p-i = (TT (1-1))"^ « logy <logx«p-". 
p<y ^ 



Therefore 
So we have 



pf" -^{p-^r <.p--. 

L{x) « 



(xP^)2+i 

By integrating both sides we deduce that 

p — a/k p — a/k 



L{x)x^-^dx<^ / — x^-^dx. 

Since | + 1 > A we have 

p-a/k 

/ _^ L(x)x^-^dx < gP^-^ < g(P')^"^. 

For larger x we use Lemma 11.21 which gives us that 

M^{q,h)<^qh^/^P~^'''+^\ 

Therefore we have 

L{x) « ^ 



-+i 
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and 

nOC ^ roc ^A— 1 

So taking /c = 2[AJ +1 implies that 

L{x)x'-'dx « q-^ « q{Pn'~\ 
for P~^ large enough, which finishes the proof. 

4 Main estimates 

In this section we prove a sharper estimate about the distribution of s- 
tuples of reduced residues. First we prove a Lemma then as an applications 
of the Lemma and other techniques in previous sections we prove results 
about distribution of squares and general sets in context of Chinese reminder 
theorem. We finish the discussions in this paper with using the Lemma to 
write the M^(q,h) in a way, that we are able to use Lemma 7 in [6J to 
achieve a sharper estimate. 

Lemma 4.1. Let T> = {hi, • • • , hs} he an admissible set, 

kq{m + hi)--- kq{m + hs) = -Pp E E e(^m-^ fj.T>{a,r). 

(a,r)=l 

For 

p\r ^s€Vp ^ 

Where (pvii^) = Y\.^P ~ ^v^)) ^'^^ ir/p)p^ is the inverse of r/p in Z* and 

p\r 

Dp consist of elements ofD modulo p. 
Proof. We have that 



r\q 0<b<r 

therefore 

kq{m+hi)---kq{m+hs)= Yl <^-^) E ^^'"^^"""^^'^'^ E ' 

a<r y ^ = ^ 

(a,r)=l ' 
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It is enough to show that 



i— 1 r| r 



r|g '^^v'''' p\r ^ s€Vp 

To show this, note that we can write 

a 



•± = J2^ (mod 1) 



r , p 
p\q 

Qj T Oj a v 

uniquely where < < p. Fixpoki we have that - • — = — = -^( — ) (mod 1), 

r Po Po Po Po 

T 

then a = apg{ — ) (mod po), since r is square free {^,Po) = 1, for Upg / 0, 
Po ^° 

we have that = a( — (mod po). Using uniqueness, we can can write 
(|4.ip in terms of prime divisors of q, and it is equal to 

To simplify the condition = -^i'^^ write 



0<ai<qi i=l r=l Po<a^<q, P i=l j=l 



Ea^_ Op 
n p 

Therefore (j4.1|) equals to 



p|gg,|p ^1 r=l ^'o<a,<g,; ^ i=l i=l 1' 



p|(j r-=l P i=l q\p 0<a<g 



p|q r=l 2=1 a<p 
-pj- ^ '/'p(g)r- -pr /i(p) efs^) 

I 1 P #I?('^) I P UA P 

p\q r=\ ^ iL-r'^\ / r- s=hjmod p ^ 

r^hi mod p /j^gx) 
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The last equality is true since = for p \ r, and for Cp 7^ we have that 

r=l ^ s&Vp ^ 

r^hi mod p 

□ 

As an application of distribution of s-tuples of reduced residues and Lemma 
14.11 we prove results about distributions of some special set modulo square- 
free number q. 

Distribution of squares modulo q 

For q square-free, x is a square modulo q if and only if x is a square 
modulo p for all primes p dividing q. For each p which divides q, let 
Vp := {/ii,p,--- ,h^p,p}- Using Chinese Reminder Theorem it is not hard 
to see that we can find the set V = {hi, - ■ ■ ,hs}, such that V modulo p 
equals to Vp, for all p\q. Now if 

kq{m + hi) - ■ ■ kq{m + hg) = 1, 

then m ^ — /ij,p modulo p, for 1 < i < fp and for all p divides q. Coming 

back to squares, let Vp = {— ni,--- ,— np-i}, where rij is quadratic non- 

2 

residue modulo p. From kq[m + hi) - ■ ■ kq{m + hg) = 1, follows that m is a 
square modulo q. Using Lemma l4.ll we have that 



kq{m + hi)---kq{m + hg) = ]J^J2fr^-^ J2 e{m^) fJ-v{a,r) 



p\q ^ r\q ^pk 2 a<r 
(a,r)=l 



' E e{m^)Ma.r). (4.2) 



2w(g) p yi p± 

r\q l-mr 2 a<r 
(a,r)=l 



where P = Consequently using the same technique in (|1.2p we have 

that 



E E + + + + - = 

n=0 \m=l ^ ^ / 

ri,r2\q '■mri 2 llp|r2 2 a,<r ^ ^ 

ri,r2>l (ai,r)i=l 

i=l,2 



^2) 



Proof of Theorem \U.^ From the condition 1 G Z follows that ri = r2 

ri r2 

and 02 = r — ai, and we have 



q-l 

E 

n=0 



( 



E 1 



m=l 
\7i+m is □ mod q 



r>l (a,»-)=l 



(4.3) 



Now, we need to bound yi,x>(a^r\ For each in Pp we have 



-nia{r/p) ^ 



-l\/a\/ (r/p) ^ 
P / VP/ V P 



and since a 7^ the sequence { — nia{r/p) ^ } is either a sequence of quadratic 
residue or quadratic non-residue. Using the Gauss bound for exponential 
sum over quadratic residue and respectively non-residue [21 Page 13], we 
have 



s&Vp 



sa{r/p)p ^ 



P 



< 



VP 



Consequently, for a 7^ 0, we have that 



\Ma,r)\ < 



(4.4) 



Using this in (|4.3p we have 



q-l 

E 

n=0 ^ m=l 



E 1 



h 



< 



2ui{q) p J — 4u;{g) 



n+m is □ mod q 



P2 E rr _^ 1)2 E ^(^) 

rio '■'■P\r\i' ^ ''I a<r 



r\q 
r>l 



(a,r)=l 



a<r 
(a,r)=l 



and finally using ^ [i?^— ^ < r min(r, /i), we have 



9-1 

E 



E 1 



h 



n=0 m=l 

n+m is n mod q 



< 



2^(5) p J - 2'^(9) P 



:h 



□ 
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The general case 

Assume that Qp C Z/pZ, by the Chinese Reminder Theorem there exist 
np|q(P ~ l^(p)l) numbers less than q, such that they do not occupy any 
congruent classes in il.p modulo p. A natural question to ask is about their 
distributed modulo q. Lemma |4. II shows the connection between the distri- 
bution of these numbers and the exponential sum over elements in Op. Let 
P = {hi, ■ ■ ■ , hs} be a set such that Dp = —^Ip, if kq{m+hi) ■ ■ ■ kq[m+hs) = 
1, then m is not congruent to any member of Vtp modulo p. Now we take a 
look at the distribution of such numbers, 

E kq[m + hi)... kq{m + K) = X{ E n 117 n ^ E[m'^)Ma.r). 

m=l p\q P r\q i-h\r^P l^^D a<r ^ 

(a,r)=l 



For the distribution of such numbers we have 
9-1 / h 

E E ^^(^ + m + /ii) • • • kq{n + m + hs) - hY\_ 

n=0 \m=l p\q 



P - \^p 
P 



r>l (a,r)=l 

Theorem 4.1. Assume that for each p\q, \Qp\ = Cpp with (p — \Qp\ > 
p^/'^~^'^),and \^J'v{0',p)\ < c'p^, where Cp,Cp < 1, then we have that 

n=0 \meln,n+h] p|<? ^ p\q 

m^flp 

\/p\q 

Proof. Using the assumption we have 



Eh[ - ]fiv{a,r) 



2 



/ fp- 1^ 
E E + 'fn + hi) ■ ■ ■ kq{n + m + /i^) - /ij^ ( 

=0 \m=l p\q ^ P 



P-Cpp\^s^ hY{p\r{c'pP)'^ t,TTn „^2Y^TT/^ 

r>l ■r>l 

= 'z/^ 11(1 - cp)2 f 1 + (-^) % 'z/^ n ((1 - ^p)' + 4' 

Which finishes rhe proof of the theorem. 

□ 
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Note that Theorem 14. II is effective for p — \ujp\ > p^/^"*"^. 

Remark 4.1. the condition |/ix'(a,p)| < c'p^/p, known as Weyl's criterion, 
imphes uniform distribution of fip modulo p. 

Remark 4.2. In general for the distribution of the image of the polynomial 
J^, one can use Theorem 14. H if | Image of T\ = Cpp and also if 

\f^v{a,p)\ = I < c'pVp- 

j/G Image of mod p ^ 

For a J-" of degree d, A. Weil [14], proved that 

J2 e{Hx/p))<{d-l)^, 

0<x<p 

Under some conditions on J^. 



Now we come back to what we started, Let D = {hi,-- - ,hs} be a fix 
admissible set, we have that 

g-i / h 



q-i / h \' 
E E ^-J^" + + ^i) ■ ■ ■ kqi'n + rn + hs) - hPx) 

ji=0 \m=l / 



= 5^^E (nfrrl E {EH{^-)Mal.n)---EJ''-^)^^^{a,,r,)], 
t^^\-=iMri)) o<tr<r-, V \riJ \rj > 

ri>l (ai,ri)=l 

yk a, 

where 

'sa{r/p)p^ 



p\r 

Since |/ix>(a,r)| < s"^"^^ we have 



p\r s=himod p 



r|(j ri\r «=i U<ai<ri 
r-i>l (ai,ri)=l 
l'ri,---rk]=r v^* 



^j=l r,; 



(4.5) 



Theorem 4.2. For h < e'^p^ we have 

M^{q,h)<^q{hP'f/^ (4.6) 

and in general 

M^{q,h) ^qh^/^P'^^'^i (4.7) 
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Proof. We use Lemma 7 and 8 in [6J to bound 



0<ai<ri 
iai,ri)=l 

yk Oi 
Z-^i=l r,; 



in (|4.5|) . First we focus on diagonal configuration, (ri = r2, = r4, • • • , r^-i - 
Tfc and r2,r4, • • • ,rfc are relativity co-prime). In non-diagonal configuration 
Lemma 7 in [Uj allows us to save a small power of h. In the diagonal config- 
uration we have that 

U<ai<,'^i U<aiS?^l U<afe_iS»^fe-i 

(ai,ri)=l 

< rirg • • • rk-ih''/^ = [nrg • • • rk-i]h''/\ 
Consequently in the diagonal configuration (|4.5p is less than 

(r2i_i,r2j_i)=l 



< qh'^/^P'''-' 2 (4.8) 
Now applying Lemma 7 in [B] we have 

Mf(g,/i) <g/i'^/2p"'=-"'t(l + /i-^p-^'). (4.9) 
To achieve a sharper estimate we need a better estimate of 



J2 

a<X 



a,r)P. 



Putting (|4.9|) in (|3.1|) gives a sharper estimate than 

M'^{q,h) <^kq{hP') '^/^l + g/iP" + qh''/'^pf~"^ ^l + h-Tkpf) pf . 

Now by considering y = in Lemma l3.ll we have ()4.7p and for h < ekp^/" , 
we have (|4.6p , which completes the proof of the theorem. □ 

Remark 4.3. For the constant depending on A;, see jilOj and in the special 
case q composed only of prime factors p>h see [13] . 
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We finish this section with the proof of the Corollary IU.lt 



Proof. Let — = — , for 



p\r 



P 



, since P* = {0, 2, • • • ,p- 1}, applying 



Lemma l4.1l we have that 



\livia,r)\ = Y[ 

p\r 



n 

p\r 



> 



P 



vr 



Here, similar to square case we have Px>* 



P and (pD* {r) = JJ^ 

P\r 

consequently using (|4.1U|) and similar to (|4.2|) and (|4.3|) we have that 



(4.10) 

v-i 



2w(g) 



9-1 / h 



( X! ^1^'"' + + ^i) • • • kq{n + m + h, 
1 



n=0 \m=l 
72 



hP 



r>l 



\Eh[-)f^v*ia,r) 

0<a<r 
(a,r)=l 



gp2 ^u{r) . 



22^(9) 



r|<j 



^ gp2 ^ 4a;(r-)r 



22a;(g) /i^ ^(•^)27r2<^(r) 
r\q ^ ' 



.p±l 



(4.11) 



±1 



Now, for r such that uj(r) be even and || ^ — ||^ l//i, we have that is 



\ V 2 2» 



and consequently (j4.1ip is 



E 



22c^{g) /l^ ^(-^\27r2c^(r) • 

r>l 

llEp|.irll«iM 



Now let r = piP2) with a< 



pi 



and a< 



P2 - 1 



'P2 



we have 



+ 1 _^ P2 - 1 



2pi 



2P2 



logX 



X2 
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which imphes that ()4.11|) 



This finishes the proof of Corohary. □ 
Remark 4.4. We picked h = , so that the expectation of 
#{m G (n, n + /i] : m ^ V* mod p, for all p\q} 

which is 

yrP+l_ X^P 

^il 2p 2Li°g^JlogX' 

p\q 

be greater than 1. 

Remark 4.5. In the case of q = Ylp^zP^ with small effort one can prove that 
there exist a set P, with |Dp| = p/2 and 

n=0 \ m,e[n,n+h] / 
m^'Dp mod p 
for all p\q 

But showing Corollary lU.ll for V*, where q = Ylp^^P^ does not seem to be 
possible. 
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